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Abstract 
There  are  many applications  of  the  theory  of  integral  equations  of  Fredholm type.  In  the  literature,  applications  of

Fredholm theory to the questions of boundary problems of ordinary differential or equations with partial derivatives are best
known. In this work, we consider the analogs of some problems of the theory of differential equations in Bohr spaces, solutions
of which could be found by application of the theory of limit Fredholm equations in Bohr spaces of almost periodic functions.
Differential equations are not solvable in the space of almost periodic functions, in general. By this reason, we modify posing
of the problems with the aim that the question could solvable in Bohr space. In the work, we state the equivalent variant of
boundary problems in the space of almost periodic functions.
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Аннотация 
Существует множество применений теории интегральных уравнений вида Фредгольма.  В литературе наиболее

известны  случаи  применения  теории  Фредгольма  к  вопросам  краевых  задач  обыкновенных  дифференциальных
уравнений или  уравнений с  частными производными.  В  данной работе  мы рассмотрим аналоги  некоторых  задач
теории дифференциальных уравнений в пространствах Бора, решения которых могут быть найдены путем применения
теории предельных уравнений Фредгольма в пространствах Бора почти периодических функций. Дифференциальные
уравнения  в  пространстве  почти  периодических  функций,  как  правило,  не  разрешимы.  По  этой  причине  мы
модифицируем постановку задач с таким расчетом, чтобы вопрос мог быть разрешим в пространстве Бора. В работе
излагается эквивалентный вариант краевых задач в пространстве почти периодических функций.

Ключевые слова:  интегральные уравнения,  теория  Фредгольма,  почти  периодические  функции,  пространства
Бора, краевые задачи. 

Introduction 
There  are  many applications  of  the  theory  of  integral  equations  of  Fredholm type.  In  the  literature,  applications  of

Fredholm theory to the questions of boundary problems of ordinary differential or equations with partial derivatives are best
known. In this work, we consider some problems of the theory of differential equations, solutions of which could be found by
application of the theory of limit Fredholm equations in Bohr spaces of almost periodic functions [3], [4], [5], [6]. In this paper,
we will consider the analogs of two boundary problems and solve them by the theory of limit Fredholm equations.

In general, differential equations are not solvable in the space of almost periodic functions. By this reason, we modify
posing of the problems with the aim that the question could solvable in Bohr space. In the work, we state the equivalent variant
of boundary problems in the space of almost periodic functions. The method of solution is based on the construction of the
analog of Green function corresponding to the boundary problem and leading the problem to the solution of limit integral
equations of Fredholm type.

It is best known that the integral equations of Fredholm are closely connected with differential equations of first order 

Many investigations were devoted to such equations in different classes of functions. In the Favard theory, for example, the
special cases of these equations were considered for the class of Bohr almost periodic functions which belong to the class of
continuous bounded functions. In some cases there are not almost periodic solutions for the equation

(see [8]) in which the functions    and  are almost periodic.

There are examples ([9]) showing existence of unbounded almost periodic functions in Besicovitch sense which cannot be
the solution to any differential equations of a view

with continuous function F.
In this work, we consider some problem of the theory of differential equations, solutions of which could be found by

application of the theory of limit Fredholm equations in Bohr spaces of almost periodic functions [3], [4], [5], [6]. In the paper,
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we consider the analog of a boundary problem and solve it using the theory of limit Fredholm equations. Since differential
equations are not solvable in the space of almost periodic functions in general, we modify the posing of the problems with the
aim that the question was solvable in Bohr space.

Research methods and principles 
Let  K(x, y) be a bivariate almost periodic function, λ is a complex number. In [4] the following analogs of Fredholm

functions are introduced:

with 

We also denote:

in which we set:

where

the functions   and   are integral functions of the variable  . Let us consider limit integral equation of

a view:

(1)

where  the  function   is  an  almost  periodic  function,  and  the  kernel   is  a  symmetric  bivariate  almost

periodic function.
In [4] it was established that every equation of this type is equivalent to some ordinary integral equation in unite cube. The

dimension of the cube is defined by the number of linearly independent Fourier exponents, if the set of them is finite (infinite
dimensional case reduces to the sequence of finite cases). On this base, we can prove the lemma below.

Lemma 1. Let    be a real number such that   Then the equation (1) has a unique solution which is defined

by the formula

(2)

Main results 
Let us consider some boundary problem in three-dimensional spaces. In the work [3], [7] it was considered the equation

(3)

In that works it was constructed the theory of potentials. For applications to boundary problems, was got the integral
equation of Fredholm type. Using this method, we, as above, will introduce the boundary problem in Bohr space of almost
periodic functions and will solve it using the theory of limit integral equations.

Let us consider, in brief, the method of the work [3]. Let be a Lyapunov surface in the half space    bounded by
simple connected open domain X on the plane x=0. Denote by   the parametric equation

of t he surface, and   Denote by   the common boundary of domains

X and. Suppose that:
1)  The  functions   have  continuous  partial  derivatives  which  does  not  vanish

simultaneously;
2) when the points of Г  tends to  , then the surfaces intersect under right angle.
Consider  now the boundary problem of Dirichlet.  It  is  required to  find in  D the solution of  the equation (3),  being

continuous in, and satisfying the boundary conditions:

(4)

where   and   are given functions for which  . On X we take 

The  solution  of  this  equation  is  searched  as  a  potential,  with  unknown  density:
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where   is a fundamental solution of the equation (3). Using the fact that for the

satisfaction  of  the  boundary  condition  it  is  required  the  equality   we  arrive  at  the

integral equation for unknown density

(5)

in which 

Using the method of the work [4], we can formulate the analog of Dirichlet boundary problem in Bohr spaces. We suffice
with posing and scheme of solution of the problem. For this, we take some triple of real (irrational) numbers   

independent over the field of rational numbers. We put on X

To every continuous function   from the Lebesgue class   we put in correspondence almost periodic

function   The analog of integral equation (5) will be a limit integral equation

(6)

Substituting found density into the equality

we  obtain  the  required  solution,  satisfying  the  boundary  conditions  (for  which  we  must
substitute    . We get the potential   which will be a

solution of the equation   with boundary conditions (5), written out in the limit form

(7)

(8)

where   is some sequences of real numbers tending to 

Note that in the work [7] it was proven that 2 is not an eigenvalue of the equation (6). So, the unique solution of the
equation (6) can be found by using of resolvent of the limit integral equation, applying the theorem 3.2 of the work [4].

Let us transform the given equation by such manner that to get a boundary problem in Bohr space of multivariate almost
periodic functions. We have

Analogically,

So, we can rewrite given equation as follows 

(9)

Resuming all of said above, we have proven the main result of the paper.
Theorem. Let be a Lyapunov surface in the half space   bounded by simple connected open domain X on the plane

x=0  and  the  surface.  Denote  by   the  parametric  equation  of  the  surface  Г

and  . 

Denote  by   the  common  boundary  of  domains  X  and,  satisfying  conditions  1)-2)  above.  Then  there  exists  a
function   such that  for  every triple   of  real  numbers,  linearly independent  over the field of  rational

numbers,  the  function    is  an  almost  periodic  solution  of  the  equation  (9),  satisfying  the  boundary

conditions (7)-(8).

Conclusion 
Note that the solutions of the equation (3) can be found as a limit value of obtained solution of the equation (9), due to

everywhere denseness of values of almost periodic functions. This gives another point of a view to the boundary problems,
because the equation (9) is simpler as the equation (3). This equation can be reduced to ordinary differential equations of first
order, which can be taken by integration.

Simplification of the equation (3) can be performed for other equations with partial derivatives and boundary conditions,
which are solvable by the construction of Green function. 

Конфликт интересов Conflict of Interest
Не указан. None declared.

Рецензия Review
Панченко О.В., Казанский национальный 
исследовательский технологический университет, Казань,
Российская Федерация
DOI: https://doi.org/10.60797/IRJ.2024.145.54.1

Panchenko O.V., Kazan National Research Technological 
University, Kazan, Russian Federation
DOI: https://doi.org/10.60797/IRJ.2024.145.54.1

3



International Research Journal ▪ № 7 (145) ▪ July

Список литературы / References
1. Allakhyarova  N.E.  On  homogeneous  Fredholm  Integral  Equations  in  Bohr  spaces  of  Almost  Peridic  Functions,

International Conference on Control and Optimization with Industrial Applications / N.E. Allakhyarova. — Baku, Azerbaijan.
— 24-26 August 2022. v. 2. — p. 105-107. 

2. Allakhyarova N.E. Eigenvalues of Fredholm type limit integral equations in the space of Bohr almost periodic functions
/ N.E. Allakhyarova // Journal of Contemporary Applied Mathematics. — v.13. — issue 1. — 2023, July. — p. 71-82. 

3. Tuhtasin  Ergashev.  Solving  the  Dirichlet  and  Holmgren  problems for  a  three-dimensional  elliptic  equation by the
potential method / Tuhtasin Ergashev. — arXiv:2003.08678v1 19 Mar – 2020. [math.AP] 

4. Jabbarov I.Sh. On integral equations of Fredholm kind in Bohr space of almost periodic functions / I.Sh. Jabbarov, N.E.
Allakhyarova. — Ufa Math. — J., 14:3 (2022). — p. 41–50. 

5. Jabbarov I.Sh. On homogenous integral equations of Fredholm type in the space of almost periodic functions / I.Sh.
Jabbarov, N.A. Neymatov, N.E. Allahyarova // Transactions of NAS, ser. Phis.-Tech. Math. Sci. Mathematics. — 43(2023). —
p. 82-93. 

6. Ловитт У.В. Линейные интегральные уравнения / У.В Ловитт. — M: ГИТТЛ, 1957. — 266 с. 
7. Смирнов В.И. Курс высшей математики. В 5-и томах, т. 4, часть 2 / В.И. Смирнов. — M: Наука, 1931. — 550 с. 
8. Жиков В.В. О разрешимости линейных уравнений в классах почти-периодических функций Безиковича А.С. И

Бора Г. / В. В. Жиков // Математические заметки. — т.18. — №4. — 1975. — С. 553-560. 
9. Левитан Б.М. Почти периодические функции и дифференциальные уравнения / Б.М. Левитан, В.В. Жиков. —

M: МГУ, 1978. — 205 с. 
10. Воронини С.М. О дифференциальной независимости ζ –функции / С.М. Воронини // Доклады АН СССР. — т.

209. — №6. — 1973. — с. 1264-1266. 

Список литературы на английском языке / References in English
1. Allakhyarova  N.E.  On  homogeneous  Fredholm  Integral  Equations  in  Bohr  spaces  of  Almost  Peridic  Functions,

International Conference on Control and Optimization with Industrial Applications / N.E. Allakhyarova. — Baku, Azerbaijan.
— 24-26 August 2022. v. 2. — p. 105-107. 

2. Allakhyarova N.E. Eigenvalues of Fredholm type limit integral equations in the space of Bohr almost periodic functions
/ N.E. Allakhyarova // Journal of Contemporary Applied Mathematics. — v.13. — issue 1. — 2023, July. — p. 71-82. 

3. Tuhtasin  Ergashev.  Solving  the  Dirichlet  and  Holmgren  problems for  a  three-dimensional  elliptic  equation by the
potential method / Tuhtasin Ergashev. — arXiv:2003.08678v1 19 Mar – 2020. [math.AP] 

4. Jabbarov I.Sh. On integral equations of Fredholm kind in Bohr space of almost periodic functions / I.Sh. Jabbarov, N.E.
Allakhyarova. — Ufa Math. — J., 14:3 (2022). — p. 41–50. 

5. Jabbarov I.Sh. On homogenous integral equations of Fredholm type in the space of almost periodic functions / I.Sh.
Jabbarov, N.A. Neymatov, N.E. Allahyarova // Transactions of NAS, ser. Phis.-Tech. Math. Sci. Mathematics. — 43(2023). —
p. 82-93. 

6. Lovitt U.V. Linejnye integral'nye uravneniya [Linear integral equations] / U.V Lovitt. — M: GITTL, 1957. — 266 p. [in
Russian] 

7. Smirnov V.I. Kurs vysshej matematiki. V 5-i tomah, t. 4, chast' 2 [The course of higher mathematics. In 5 volumes, vol.
4, part 2] / V.I. Smirnov. — M: Nauka, 1931. — 550 p. [in Russian] 

8. ZHikov V.V. O razreshimosti linejnyh uravnenij v klassah pochti-periodicheskih funkcij Bezikovicha A.S. I Bora G.
[On the solvability  of  linear  equations in  classes  of  almost  periodic functions of  Bezikovich A.S.  And Bohr G.]  /  V.  V.
ZHikov // Matematicheskie zametki [Mathematical notes]. — V. 18. — №4. — 1975. — P. 553-560 [in Russian]. 

9. Levitan B.M. Pochti periodicheskie funkcii i differencial'nye uravneniya [Almost periodic functions and differential
equations] / B.M. Levitan, V.V. ZHikov. — M: MGU, 1978. — 205 p. [in Russian] 

10. Voronini  S.M.  O  differencial'noj  nezavisimosti  ζ  –funkcii  [On  differential  independence  ζ–functions]  /  S.M.
Voronini // Doklady AN SSSR [Reports of the USSR Academy of Sciences]. — V. 209. — №6. — 1973. — P. 1264-1266 [in
Russian]. 

4


	МАТЕМАТИЧЕСКАЯ ЛОГИКА, АЛГЕБРА И ТЕОРИЯ ЧИСЕЛ И ДИСКРЕТНАЯ МАТЕМАТИКА / MATHEMATICAL LOGIC, ALGEBRA AND NUMBER THEORY AND DISCRETE MATHEMATICS
	ON A BOUNDARY PROBLEM IN BOHR SPACE OF MULTIVARIATE ALMOST PERIODIC FUNCTIONS
	Allahyarova N.E.1, *
	О КРАЕВОЙ ЗАДАЧЕ В БОРОВСКОМ ПРОСТРАНСТВЕ МНОГОЗНАЧНЫХ ПОЧТИ ПЕРИОДИЧЕСКИХ ФУНКЦИЙ
	Аллахярова Н.Э.1, *

